Introduction
============

Lenses, as one of the fundamental optical components, have served people for hundreds years and are used in marvelous applications in our daily lives. With the development of modern industrialization, the traditional lens fails in terms of miniaturization because of the optical diffraction limit and its long optical path for phase change accumulation. Metamaterials with designed patterns have been demonstrated as an effective alternative to control electromagnetic waves with custom-designed optical responses, such as a negative index^[@bib1],\ [@bib2]^ and cloaking^[@bib3],\ [@bib4]^. Recently, metasurface was reported to have the ability to manipulate the wavefront of light and introduce an abrupt phase shift within a deep subwavelength distance at the interface^[@bib5],\ [@bib6],\ [@bib7],\ [@bib8],\ [@bib9],\ [@bib10],\ [@bib11],\ [@bib12],\ [@bib13],\ [@bib14],\ [@bib15]^. An ultrathin metalens based on a metasurface further addresses the thickness constraint of the traditional lens and allows the miniaturization of future optoelectronic devices^[@bib16],\ [@bib17],\ [@bib18],\ [@bib19],\ [@bib20],\ [@bib21],\ [@bib22]^.

Multifocal lenses, which are used to focus incident light at multiple foci, have been widely used in imaging systems and optical communications^[@bib23],\ [@bib24],\ [@bib25],\ [@bib26],\ [@bib27]^. In comparison with the conventional phase accumulation design^[@bib23],\ [@bib24]^, metasurface engineering was recently implemented to produce a multifocal lens with several designed zones, where each of the zones corresponds to one of the focal points^[@bib25],\ [@bib26],\ [@bib27]^. Although the light can be focused for each of the zones, the entire multifocal lens shows decreased optical performance because the lens in a given region constructively contributes to its corresponding focal point only while simultaneously increasing the background noise to the other areas. The strong background noise seriously impedes the application of multifocal lenses for ultrasensitive signal collection. Therefore, it is important to propose a strategy to enable the incident light to focus constructively at all its focal points.

The ellipse and the hyperbola are two well-known conic curves, and their properties in different areas have been studied extensively. Recently, we revealed the intrinsic properties of the two conic curves in spin optics and demonstrated in the near field that the optical spin Hall effect and the spin-selective effect are intrinsic optical spin properties of the ellipse and the hyperbola, respectively^[@bib28]^. Here, we show that because of the intrinsic optical spin properties of the conic shapes, metalenses that are designed with conic shapes are able to constructively focus the incident light at all the focal points, creating an ideal multifocal lens. Compared with the traditionally designed method, the background noise in a conic-shaped metalens can be reduced substantially. Moreover, the polarity and focal positions of the metalens can be further controlled by the helicity of the incident circular polarization (CP) light. The proposed metalens configuration provides a possible solution for future multifocal lens design while allowing easy fabrication.

Materials and methods
=====================

We first consider an ellipsoid and a hyperboloid ([Figure 1a](#fig1){ref-type="fig"} and [1b](#fig1){ref-type="fig"}), which are defined by the equations *r*~1~+*r*~2~=constant and *r*~1~−*r*~2~=constant, respectively, where *r*~1~ and *r*~2~ are the distances from the quadric surfaces to their two foci *F*~1~ (*x*~1~, *y*~1~, *z*~1~) and *F*~2~ (*x*~2~, *y*~2~, *z*~2~), respectively. To investigate the spin optical properties of the two surfaces, we introduce a geometric-phase term *σ*~±~*ψ* and then rewrite the equations as follows: where *k* is the wave vector of light, and *σ*~±~=±1 corresponds to the helicity (or spin) of the right- (RCP) and left- (LCP) CP light. Assuming that the geometric-phase distribution satisfies the constraint that the phase term within the first bracket *kr*~1~+*σ*~±~*ψ* is a constant value (modulo 2π) over the two quadric surfaces, the phase terms within the second brackets will also automatically be constant values. In other words, light with different spin states can simultaneously and constructively interfere at each of the two foci of the ellipsoid, and light with one particular spin state can be accumulated (and constructively interfere) at both foci of the hyperboloid. The simultaneous constructive interference at all the foci is the intrinsic property of these two surfaces, which is also the expected property for an ideal multifocal lens. [Figure 1a](#fig1){ref-type="fig"} and [1b](#fig1){ref-type="fig"}, shows the plane of a designed ultrathin metalens intersecting with the ellipsoid and hyperboloid, and results in an elliptical curve and a hyperbolic curve, respectively. We call these metalenses the ellipse-shaped metalens (ESM, [Figure 1a](#fig1){ref-type="fig"}) and the hyperbola-shaped metalens (HSM, [Figure 1b](#fig1){ref-type="fig"}) because they can focus light at the foci of the quadric surfaces *F*~1~ and *F*~2~.

The traditional method for constructing a two-foci metalens is to design two areal patterns with each of the areas presenting one functionality^[@bib25],\ [@bib26],\ [@bib29]^. However, as mentioned before, such a metalens cannot focus light constructively at both foci; therefore, the background noise is high, and the imaging quality is reduced. As we demonstrate below, our proposed conic-shaped metalenses are able to decrease the background noise and improve the lens imaging performance.

The introduced geometric phase in [Equations (1)](#equ1){ref-type="disp-formula"} and [(2)](#equ2){ref-type="disp-formula"} can be provided by various elements, such as V-shape, C-shape and long-strip nanostructures. For simplicity, we choose the nanoslit perforating a metallic film as the geometric-phase provider. With the illumination of RCP/LCP light, the transmitted light through a nanoslit carries an additional geometric phase ±2*ϕ* (*ψ*=*2ϕ*) in its cross polarization^[@bib5],\ [@bib6],\ [@bib17],\ [@bib30]^, where *ϕ* is the orientation angle of the nanoslit relative to the *x* axis, as shown in [Figure 1c](#fig1){ref-type="fig"}. The orientation of each nanoslit of the ESM and the HSM can be determined by the constraint equation of *kr*~1~+2*σ*~±~*ϕ*=constant (modulo 2π). This condition guarantees that the terms within the second brackets in [Equations (1)](#equ1){ref-type="disp-formula"} and [(2)](#equ2){ref-type="disp-formula"} are constant values. Because of the subwavelength size of each nanoslit, the transmission through the metalens is expected to be relatively low. As an alternative to metallic nanoslits, high-index dielectric strips^[@bib18]^ can be used to enhance the transmission efficiency of the metalens. Because the purpose of this work is to demonstrate the advantages of a conic-shaped metalens, the enhancement of transmission efficiency is beyond of the scope of this paper.

To verify our proposed idea, the geometric phases in the ESM are chosen such that LCP light is focused at *F*~1~(*x*~1~, *y*~1~, *z*~1~) (−2*ϕ*+*kr*~1~=constant) and RCP light is automatically focused at *F*~2~(*x*~2~, *y*~2~, *z*~2~) (2*ϕ*+*kr*~2~=constant). For the HSM, the LCP light is designed to be focused at point *F*~1~ (−2*ϕ*+*kr*~1~=constant), and, at the same time, constructive interference occurs at *F*~2~ (−2*ϕ*+*kr*~2~=constant). [Figure 2a](#fig2){ref-type="fig"} and [2d](#fig2){ref-type="fig"}, shows the two metalenses with a radius of 10 μm, operating at a wavelength of 785 nm (see [Supplementary Fig. S1](#sup1){ref-type="supplementary-material"} for the complete design patterns). The coordinates of the two focal points are *x*~1~=−*x*~2~=−5 μm, *y*~1~=*y*~2~=0 μm and *z*~1~=*z*~2~=10 μm. The size of each nanoslit should be subwavelength and narrow, with the long-axis length much greater than the short-axis length. Each nanoslit has a width of 100 nm and a length of 300 nm.

To confirm our prediction, finite-difference time-domain simulations were performed to calculate the electric field intensities at the *xz* plane with *y*=0 μm. The fields at the virtual plane are contributed by the transmitted light and are formed at the positions where the rays would cross if they were projected backward. Details of the calculations of the fields at any positions (including the virtual plane) can be found in the [Supplementary Information](#sup1){ref-type="supplementary-material"}. [Figure 2b](#fig2){ref-type="fig"} and [2c](#fig2){ref-type="fig"}, shows the field intensity distributions of the ESM with LCP ([Figure 2b](#fig2){ref-type="fig"}) and RCP ([Figure 2c](#fig2){ref-type="fig"}) incident light. As expected, LCP and RCP light are focused at *F*~1~ and *F*~2~, respectively, as the manifestation of the optical spin Hall effect. Moreover, we also observe a virtual focal point *F*~2~*′* (mirror point of *F*~2~) with LCP incident light and a virtual focal point *F*~1~*′* (mirror point of *F*~1~) with RCP incident light. This observation is made because the ESM also fulfills the following two equations: 2*ϕ*−*kr*~1~=constant and −2*ϕ*−*kr*~2~=constant, which correspond to the virtual focal points *F*~1~*′* and *F*~2~*′* with RCP and LCP incident light, respectively. The proposed ESM has dual polarity (positive and negative) with a real and a virtual focus under the illumination of CP light.

For the HSM, [Figure 2e](#fig2){ref-type="fig"} shows that there are two focal points *F*~1~ and *F*~2~ at the real focal plane with the illumination of LCP light. When the polarization is altered to RCP ([Figure 2f](#fig2){ref-type="fig"}), two virtual focal points *F*~1~*′* and *F*~2~*′* emerge at the virtual focal plane because the HSM also fulfills the two equations: 2*ϕ*−*kr*~1~=constant and 2*ϕ*−*kr*~2~=constant. The polarity of the HSM changes from positive with LCP incident light to negative with RCP incident light. Because linear polarization can be decomposed as a superposition of LCP and RCP, all of the real and virtual focal points can be observed in both the ESM and the HSM with linearly polarized light ([Supplementary Fig. S2](#sup1){ref-type="supplementary-material"}). The focal properties of the two metalenses can be maintained if each nanoslit is replaced by another shaped element, such as a C-shape ([Supplementary Fig. S3](#sup1){ref-type="supplementary-material"}). Because the light is focused off-axis of the metalens, the intensity distribution at the focal point is asymmetric. The simulated full-width at half-maximum (FWHM) of the focus along the *x* axis for both metalenses is \~560 nm, that is, less than the incident wavelength 785 nm. The spot size and the FWHM are strongly dependent on the radius of the metalens and can be reduced by increasing the lens radius ([Supplementary Fig. S4](#sup1){ref-type="supplementary-material"}).

Results and discussion
======================

To experimentally demonstrate the focusing performance of the designed metalens, we fabricated two conic-shaped metasurfaces by evaporating an 80-nm thick Au layer onto a glass substrate, followed by focused ion beam milling of the nanoslit pattern into the Au layer (see the [Supplementary Information](#sup1){ref-type="supplementary-material"}). Because the transmission through a hole decreases exponentially with increasing thickness^[@bib31]^, the thickness of the Au layer is chosen such that the level of transmitted light is high enough to be detected. The other parameters of the metalens are exactly the same as those in the finite-difference time-domain simulations. Scanning electron microscopy (SEM) images of these two metalenses are shown in [Figure 3a](#fig3){ref-type="fig"} and [3f](#fig3){ref-type="fig"}. Far-field optical microscopy was employed to measure the optical intensity distributions (detection set-up is shown in the [Supplementary Information](#sup1){ref-type="supplementary-material"} and [Supplementary Fig. S5](#sup1){ref-type="supplementary-material"}). In the measurement, a motorized actuator was used to accurately adjust the distance between the objective lens and the sample. The optical intensity at the *xz* plane can be obtained from continuous images of the *xy* planes at set distances above and below the sample.

[Figure 3b](#fig3){ref-type="fig"} and [3c](#fig3){ref-type="fig"}, shows the measured optical intensities of the ESM with LCP and RCP incident light at a wavelength of 785 nm. Two focal points with one real focus (*z*=10 μm) and one virtual focus (*z*=−10 μm) can be clearly observed for both cases but with different focal positions. For the HSM, LCP light can be focused at two real focal points in front of the sample (*z*=10 μm), and RCP light can be focused at two virtual focal points at the incident side (*z*=−10 μm), as shown in [Figure 3g](#fig3){ref-type="fig"} and [3h](#fig3){ref-type="fig"}.[Supplementary Movies 1 and 2](#sup1){ref-type="supplementary-material"} in the [Supplementary Information](#sup1){ref-type="supplementary-material"} show a gradual evolution of the measured optical intensity at the *xy* plane with CP light when *z* ranges from 20 μm to −20 μm for the ESM and the HSM, respectively. The measured FWHM of the focal points along the *x*-axis range from 0.78 to 1.03 μm for the ESM ([Figure 3d](#fig3){ref-type="fig"} and [3e](#fig3){ref-type="fig"}) and range from 0.83 to 1.05 μm for the HSM ([Figure 3i](#fig3){ref-type="fig"} and [3j](#fig3){ref-type="fig"}), which are comparable to the incident wavelength 785 nm but are larger than the simulation result of 560 nm. This discrepancy may be due to the inaccuracy of the nanofabrication process and of the measurements.

To show the advantages of a multifocal metalens with conic shapes, we use the traditional method to design a metalens with dual foci ([Figure 4a](#fig4){ref-type="fig"}), which includes two interleaved zones, with one zone (the green nanoslits) corresponding to the focus *F*~1~ under LCP incident light and the other zone (the blue nanoslits) corresponding to the focus *F*~2~ under RCP incident light. [Figure 4b](#fig4){ref-type="fig"} shows the SEM figure of the traditional metalens, which almost has the same effective areas as those of the ESM ([Figure 3a](#fig3){ref-type="fig"}). [Figure 4c](#fig4){ref-type="fig"} and [4d](#fig4){ref-type="fig"}, shows the measured field intensities at the real focal plane with LCP incident light for the traditional metalens and for the ESM, respectively. The intensities of the focal peaks of *F*~1~ are normalized to the same maxima for fair comparison. A two-dimensional Gaussian function is used to fit the *F*~1~ peak as the imaging of the incident plane wave (see the [Supplementary Information](#sup1){ref-type="supplementary-material"}). The noise is defined as the absolute value of the difference between the total measured field intensities and the Gaussian fitting functions, as shown in [Figure 4e](#fig4){ref-type="fig"} and [4f](#fig4){ref-type="fig"},. The background noise of the traditional metalens is clearly much larger than that of the ESM. The calculated total noise power of the traditional metalens is \~20 times of that of the ESM. Because all the zones in the ESM constructively interfere at its foci, the background noise of the ESM is at approximately the same level as a metalens with a single focus (see [Supplementary Information Fig. S6](#sup1){ref-type="supplementary-material"}).

We further demonstrate that our proposed conic-shaped metalenses can function well within a broadband wavelength that ranges from 600 to 900 nm. [Figure 5a--5d](#fig5){ref-type="fig"} shows the measured optical intensities of the *xz* planes for the two metalenses at selected wavelengths of 600, 700, 800 and 900 nm. The focal points can be clearly observed for all cases, which is in good agreement with our simulation results in [Supplementary Fig. S7](#sup1){ref-type="supplementary-material"}. However, the position of the focus varies with the wavelengths for both metalenses. [Figure 5f](#fig5){ref-type="fig"} and [5g](#fig5){ref-type="fig"}, presents the simulated (solid red circle) and measured (solid green square) results, which show that the focal length decreases with increases of the incident light wavelength. This phenomenon is associated with the intrinsic dispersion of the optical lens and can be explained by the generalized Snell's laws of out-of-plane refraction^[@bib7],\ [@bib8]^. Take the focal point *F*~1~ as an example; the phase shift *ϕ*~*s*~(*x*, *y*) induced by the metalens is

The phase gradient at the metasurface deflects a portion of the normally incident light to transmitted light at an oblique angle that is defined by the two angles *ϕ*~t~ and *θ*~t~, as shown in [Figure 5e](#fig5){ref-type="fig"}. We therefore have^[@bib7]^

Substituting [Equation (3)](#equ3){ref-type="disp-formula"} into [Equation (4)](#equ4){ref-type="disp-formula"}, the focal length can be theoretically calculated as cot(*ϕ*~t~)*x*~1~ and is shown as the blue lines in [Figure 5f](#fig5){ref-type="fig"} and [5g](#fig5){ref-type="fig"}, which also exhibits a decreasing trend of focal length with increases of the incident wavelength.

Conclusion
==========

In summary, we theoretically and experimentally demonstrated that conic-shaped metasurfaces can be used to design an ideal multifocal lens in the far field. The difference in the focusing performance between the ESM and HSM was also discussed. In comparison with traditional multifocal lenses, our proposed metalenses can constructively focus the incident light at all of the focal points and decrease the background noise of the imaging. We further showed that these two conic-shaped metalenses can possess dual polarity under incident CP light. Moreover, the designed metalenses were found to operate well within a broadband incident wavelength from 600 to 900 nm in the visible range, and the dependence of the focal length on incident wavelength was successfully explained by the generalized Snell's law. Our work applies the conic concept in the field of optics and enables the miniaturization of multifocal lenses with improved imaging performance.
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![Design of a multifocal metalens with conic shapes. Schematics of (**a**) an ellipsoid and (**b**) a hyperboloid with the two foci at points *F*~1~ and *F*~2~. The intersection of a plane with the ellipsoid (hyperboloid) results in an elliptical (hyperbolic) curve. (**c**) Schematic of a metalens composed of nanoslits with two foci at *F*~1~ and *F*~2~ under the illumination of CP light. *ϕ* is the orientation angle of a nanoslit relative to the *x* axis. Points *F*~1~*′* and *F*~2~*′* are the mirror points of *F*~1~ and *F*~2~, respectively, with respect to the metalens.](lsa201771f1){#fig1}

![Numerical demonstration of the focusing of CP light using the ESM and the HSM. (**a**) Schematics of the designed ESM and (**b**, **c**) simulated electric field intensities at the *xz* plane (x∈\[−10,10\] μm, *y*=0 μm, z∈\[−20,20\] μm) for (**b**) LCP and (**c**) RCP incident light. (**d**--**f**) The same as **a**--**c**, but for the HSM. The CP light is incident from the left side and is scattered to the right side of the metalens. The distance between the two focal points (*F*~1~ and *F*~2~) is 10 μm, and the focal length of the metalens is *f*=10 μm. The metalens is located at the plane *z*=0 μm.](lsa201771f2){#fig2}

![Experimental demonstration of the focusing performance of the ESM and the HSM. (**a**) SEM images of the ESM. Each nanoslit has a width of 100 nm and a length of 300 nm. The inset shows a magnified SEM figure of a nanoslit (scale bar=200 nm). (**b**, **c**) Measured *xz* plane optical field intensities of the ESM with (**b**) LCP and (**c**) RCP incident light. The insets show the *xy* planes at the real focal plane *z*=10 μm and at the virtual focal plane *z*=−10 μm. (**d**, **e**) Line plots of the intensities as a function of *x* at the real and virtual focal planes with (**d**) LCP and (**e**) RCP incident light for the ESM. (**f**--**j**) The same as in **a**--**e**, but for the HSM.](lsa201771f3){#fig3}

![Comparison of the focal performance between the ESM and a traditional metalens. (**a**) Schematic of the design of the traditional metalens, which is divided into two interleaved zones, with the green nanoslits contributing to one focus and the blue nanoslits contributing to the other focus. (**b**) SEM image of a traditional metalens. (**c**, **d**) The measured field intensities at the real focal plane with LCP incident light for the traditional metalens (**c**) and for the ESM (**d**). (**e**, **f**) The noise distributions for the traditional metalens (**e**) and for the ESM (**f**).](lsa201771f4){#fig4}

![Broadband focal properties for the ESM and the HSM. (**a**--**d**) Measured *xz* plane (*x*∈\[−10,10\] μm, *z*∈\[−20,20\] μm) optical intensities of (**a**, **b**) the ESM and (**c**, **d**) the HSM with LCP and RCP incident light at wavelengths (*z* axis) of 600, 700, 800 and 900 nm. (**e**) Schematic of the defection of light incident on a metalens with a phase shift Φ(*x*,*y*). The light (red arrow) is normally incident, and the transmission light is defected at angles with *ϕ*~t~ and *θ*~t~. (**f**, **g**) Focal length as a function of wavelength for (**f**) the ESM and (**g**) the HSM. The blue line, solid red circle and solid green square show the theoretical predictions, simulated results and experimental results. For each metalens, there are four focal points in total with LCP and RCP incident light. The error bar is defined by the deviation of the focal lengths of the four foci.](lsa201771f5){#fig5}
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